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Objectives

In recent years, a growing number of researchers and educators have engaged in the
construction of interactive, computer-based leaming environments for exploring mathematics
and science. One emerging class of such environments consists of those which embody
mathematical or scientific concepts in a context which is engaging to the leamer, and which
allows for a certain degree of self-directed exploration or discovery of the implicit ideas and
processes. These computer programs have been variously termed "microworlds”, "simulation
environments” or "functional leaming environments”, and a new body of data and theory is
accumulating on how such environments can support children's learning. (e.g., diSessa, 1982;
Dugdale, 1981; Newman, 1985; Thompson, 1987, White, 1981). The objective of the
research reported here was to investigate, describe, and attempt to account in detail for the
leaming of children who interacted with a cor aputer microworld which embodied the central
objects and relations of transformation geometry. An additional focus of the research was on
the principles involved in the design of such environments, and on the particular ways in which
microworlds are used by children in leamning aboui a new domain.

Aims of the Research

The aims of the research project were to:

(a) Design, test and refine a computer microworld for transformation geometry,
working initially with a large group of children (a total of 65 students);

(b) Use the microworld with a small number of students for in-depth data collection;

(c) Build a qnalitative model or "learning paths chart" (diSessa, 1982) in order to
characterize the nature of the children's learning in the domain, and to describe how the
microworld wa: used by the students in constructing their understandings.
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The qualitative model focused on disceming changes in students’ content ; edge in
the domain, in their strategies for using the microworld, and in their gogls. This report will
focus primarily on changes in content knowledge.

Theoretical Framework

The work described here is based within the framework of constructivism; that is, upon
the presupposition that learners bring to the learning situation a range of existing beliefs, ideas,
and knowlcdge, both implicit and explicit, which are used in the process of building "new”
knowledge. This knowledge is constructed within meaningful, probiem-solving contexts. As
Vergnaud states (1982, p. 31), “knowledge emerges from problems to be solved and situations
to be mastered.” Constructivism is concerned with the learner as an active participant in
bringing meaning to his or her experiences, rather than as a passive recipient of information.
diSessa and others (diSessa, 1982; Kliman, 1987; Lawler, 1985) focus in fine detail on the
prior constructions and sequences of partial understanding which are involved in chilren's
learning in a new domain. Cwe aim of the research reported here was to carry out a detailed
"genctic analysis” of children's learning in transformation geometry, as a particular case study
of leaming viewed from a constructivist perspective. This work also takes place within the
context of research into the principles involved in the design of technological artifacts for
learning (diSessa, 1985; diSessa & Abelson, 1986; Newman, 1985; White, 1981). The
microworld described here was intended both to be a research tool for investigating how
children learn about transformations, and also as an example of the principled design and
analysis of a computer environment for learning in mathematics.

Figure 1 illustrates the central themes of the research. A mathematical microworld is
created which embodics the central objects and relations of some subdomain of mathematics in
a form accessible to new learness. A characteristic feature of microworlds is that they link
multiple representations of the objects and relations, often using a symbolic system (for
example, a set of simple Logo commands) linked to a graphical representation (for example, a
visual display of the effects of the transformations). The leamer interacts with the microworld,
by playing games or solving problems, and in the p>ocess constructs an initial, working model
of the mathematical domain in question. The leamer will base his or her actions on this initial
model, and will at times be surprised to find that his/her expectations about how an operation
works are not borne out when the operation is used in the microworld. The microworld thus
provides feedback that the lcamer must interpret, and can use to revise his/her conceptual
model of the domain. It is important to note that this feedback comes about as a natural
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consequence of using the microworld, and is not preprogrammed, as in traditional computer-
assisted instruction tutorials. The feedback from the microworld often requires the learner to
reconcile or re-link an understanding of the symbolic with the visual representation (e.g.,
linking an equation with its graph, as in Green Globs, or a transformation with its visual
display, in the current work). The leamer again acts in the microwosld, now using his/her
revised conceptual model, and this cycle continues until an understanding of the domain which
is adequate for carrying out the tasks embodied in the microworld is constructed. Ideally, the
leamer's conceptual model will be closer to the idealized or expert's model of the domain
following experience with the microworld. If it is not, then the microworld and iis associated
activities must be reevaluated and redesigned.

ERIC 4
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Mathematcal Domain,
ambodied in linked
reprosentations
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(3) Process of
Conceptual Debugging
applied to...

Mathematics! \
Microworid Learner's Mode!
of Mathematical
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(1) Learner acts in
microworld

Learner

Figure 1: Central Themes of the Research
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Methods and Data Sources

As described by Confrey (1990, p. 13), "Methodologically, constructivist research
demands extensive interacticns with students over months and years and the detailed analysis
of videotapes." The study reported took place over a period of a month and a half, and
involved 12 middle-school students, ages 11 to 14, from a small private elementary/middle
school in California. The students, who had had no previous instruction ir the topic, were
introduced to transformation geometry in two initial classroom sessions of 40 minutes each.
They then met with the investigator once a week, in pairs, to work with the computer
microworld to carry out a sequence of problem-solving activities for five more weeks, making
a total of approximately seven hours of work with the transfcrmations. Pencil-and-paper
measures, intended 0 capture the students’ capabilities to work with transformations apan
from the computer context, were administered during the initial and final after-school sessions.
One such measure, the written final exam, ivcluded 3 items out of 24 which were completely
new applications of the transformations. The bulk of the data, however, was not written, but
consisted of videotaped and transcribed protocols of the students' interactions with each other,
with the investigator, and with the microworld.

The microworld, called TGEO, was programmed in Ligo and run on a Macintosh
computer. It instantiated three euclidean transformations, translation, reflection and rotation, as
well as change of scale (sec Figures 2 and 3). The students were able to carry out any
transformation by typing its name and input parameters in a Logo-style command, ard the
resulting mapping of the plane was shown graphically in an adjacent window. Thus, the
microworld consisted of a dynamically-linked pair of representations for the transicrmations,
one representation being a set of symbolic commands and the other a visual depiction of the
motion or change.

C.
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Figure2 : Help Sheet for Euclidean Transformations
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The microworld itself was supplemented by activities and problems, both computer-
based and worksheet-based. The sequence of activities carried out by the students, with
minimal intervention by the investigator, included:

(1) Free exploration of the commands for the euclidean transformations (approximately
30 minutes);

(2) The Match game. in which the transformations were used to achieve the goal of
superimposing two congruent shapes on the screen (1 1/2 hours; see Figure 4);

(3) Worksheets asking the students to use the microworld to find and wn!: .lown
inverses and combinations for each type of transformation (1 hour, see Figure 5);

(4) Worksheets asking the students to use the transformations to dzscribe the
symmetries of a set of 17 figures (1 hour);

(5) Expioration of pew transformations, ramely, change of scale (1 hour).

In addition to the videotapes collected during the study, the sequences of commands
input by the students when playing the Match game were captured on the computer and
analyzed for changes in strategies. The written worksheets and the final exam were also
analyzed for error patterns. These data were used to describe changes in performance on
transformational tasks over the course of the study, and to constract a qualitative leaming paths
chart for the domain.

Results

The results of the study suggest that the microworld and the associated activities were
very cffective in assisting the students to construct a working knowledge of the
transformations. The average performance of the students on the written final examination was
70% correct . Furthermore, by the time of the final session, all of the students were abl~ i
carry out any of the transformation on the computer without error or hesitation. In terms of
specific transformations, the change from initial to final session in the percentage of correct
responses on the worksheets ranged from an increase of 9 percent on the most difficult task
(identifying rotations) to an increase of 25.3 percent on the easiest task (executing reflections).
(Tests of statistical significance were not performed on this data because of the small sample
size and because the primary objective was to build a detailed qualitative model, referred to as a
"leamning paths chart").
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Worksheet 2. COMBINING TRANSFORMATIONS

For esch pair of transformations below, find o single move
which gives the seme result. write down your enswers.

To find the enswers, try typing doth transfor metions enone line, hit enter, ond observe the result.
Then type RESET o bring the shape back where it sterted, leaving ¢ shedow behind.
Try out moves til) you fird o single one with the seime result.

0. Slide 20 30 Slide 50 19 Single Move: S"&LL 0 40

b.Slide 10 S0 Shide -40 10 single tove: x5l 20, (.

¢. Slide A B Slide X ¥ Single Move: M@w‘ﬂ)
d. Pivot 45 Pivot 45 Single Move: ‘?.WDT qo

e. Pivot 270 Pivot -90 Single Move: "P'YD‘\ ﬁé_,Q

f. Pivot A Pivot B Single Move: E.\ML&L

g Rotate 20 0 90 Rotate 20 0 45 Single Move: Py B o ns

h. Rotete 0 0 120 Rotete 00 -60  Single Move: M

). Rotete XY A Rotole X ¥ B Single Move. 0.c3axQ \(,\L@ B

-_‘1. [ N oo ;,
). FlipFhp Single Move: .C1¢ 0‘- O :=x ';\'i‘.‘ Y
k Reflect 00 ORefloct 2000 Single Move, 2hclg Ltﬂ,. Q

A \
1. Reflect 0 10 90 Reflect 0 30 90 Single Move ﬁ!' < (J ;UO

M. Reflect 10 20 90 Reflect 10 20 0 Single Move: Roda to. 1D) Fg’c\j 10

On the beck, write down some peirs of your own and their single moves.
lake sketches.

Figure 5 : Combining Transformations Worksheei
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The Learning Paths Chart for the Match Game

The learning paths chart for the Match game is based vpon the collection of 43
games played by the students in Session 1 of the teaching experiment. In playing the
game, the students could use any of the transformations they knew about, including slide
and the simple, local transformations pivot and flip, as well as the more difficult rotate and
reflect. The leaming paths chart is organized in terms of the students’ developing
knowledge about each of the euclidean transfonnations, slide, rotate, and reflect.

The leaming paths chart is presented in Figure 5. A key to reading the chart is
given below:

 Within each strana, topics which appear near the top of the chart were observed
carlier than those shown near the bottom.

Borders:

» Topics outlined with bold borders were observed in all of the students, and were
judged to be robust elements of the students’ knowledge in this context.

* Topics outlined with lighter borders were observed among some subset cf the
students, and indicate some of the variation in the approaches and knowledge of the
different children.

* Topics outlined in gray -Jrders indicate "bugs” in the children's understanding,
that is, incomplete or unrefined models.

Connectors:

* Arrows between topics indicate a refinement or correction of a bug (note that most
of the boxes do not have arrows; many items of knowledge seemed to develop in parallel).

* Black connecting lines indicate specific aspects involved in a complete
understanding of the main topic (necessary knowledge).

* Gray connecting lines indicate related topics, where the related topics may not be
necessary to uncerstand or use the original topic (¢.g., thcy may be particular versions of a
strategy, additional theorems, or elaborations of an existing idea).
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Slide Knowisdge

Slide as way to
change location of
shape

|

In specific, can use

slide to superimpose
starting vertices

1

Disambiguate
positive/negative
directions for slide

Rotate Knowiecge

Rotate/Pivot as way to
change heading of shape

Reflsct Knowledge

Ruling out reflection
whan sense doesn't

change

In specific, heading of
target shape can be read
off from scr n info.

P ————

Necassity of reflection
to change sense

1

Disambiguate relative change
in heading from absolute

heading (used in Refiect)

Fequired heading for
reflection can be
calculated (JJ only)

Can use 0 approprizuely
for horizontal or
vartical slide

Use of screen info. to
accurately determine

Rotation as compesition of
slide 3nd pivot (Rotate Bug)

1

Odd and even number
of reflects (Can only)

slide amount
Rotation as
whole-plane motion
ComposingrJndoing Composing/Undoing
Shdes Rotations

Rotation can give a
single-mova seolution

Finding center point by
triat-and-error (DS)

Single Rotauon
Theorem

(center point can
always be foundg)

Finding center point using
- leedback from screen

Ideas for algonthms to find
center point (none corract)

Figure 6 : Learning Paths Chart for Match Game
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Changes in Content Knowledge

An irnportant change in the students’ thinking was a shift in thinking about ecach
transformation as a procedure carried out on a discrete object, to thinking of the
transformations more as gbjects in themselves. They also refined their initially vague models
of each motion to include precisely the features which are necessary and sufficient to define it.
This was most evident when the students investigated inverses and combinations of the
transformations, as evidenced by comments like the following (the student is trying to find the
combination of two reflections in intersecting axes, an original exploration carried out after
completing the worksheet):

Jos: "This is rotate. This calls for a rotate. The center point is still the sam.., > just
have to find the amount of degree angle.”

Initially, students focused on features of the shape shown on the screen, such as its
orientation or location; later the students discussed ‘e transformations (the mapping or change)
only, without regard to the features of the shape itself.

A similar progression showed up in a small number of students who initially
misinterpreted rotate as a translation combined with a pivot, rather that a rotation of the entire
plane around a fixed point. The students were able to use the visual feedback from the
microworld to corect this misconception and to think of rotate in a more global sense. In
general, the students used the microworld in a process of "conceptual debugging” in which
their initial, partially-correct models of the transformations were reconciled by comparing them
to the mathematically-correct models instantiated in the microworlkd.

Changes in Strategies

The strategies used over the cowurse of the study progressed from an early but brief
reliance on trial and error, to the use of visual feedback from the screen to improve the accuracy
of inputs. The students soon realized that the transformations behaved in a logical and
predictable way, and most spontaneously began to predict the outcome of the commands they
entered while playing the game or completing the worksheets. Two pairs of students were able
to carry out independent explorations of combinations of transformation after finishing the
worksheets; these students showed the beginning of an inductive approach to discovering and
describing patterns (or simple theorems) in transformation geometry.
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Changes in Geals

The goals of the students had to be inferred from their comunents and from any
activities they carried out spontancously. In the early activities, the goais appeared to consist of
satisfying the investigator by getting the comrect response, and also succeeding in playing the
Match game with a good score. However, over time, many o. the students appeared to be
genuinely interested in understanding the transformations and in discovering patterns in the
microworld. Some were interested in using the transformations to create: visually-pleasing
designs on the screen. Thus their goals eventually included some degree of self-directed
activity, aside from the tasks assigned by the investigator.

Educational/Scientific Importance

The goal of this study was to add to ocur understanding of how children can construct
an understanding of a new area of mathematics by interacting with a computer-based
instantiation of the domain. The study traced the students’ learning in fransformation
geometry, and also provided empirical data on how children made use of the computer
environment to "debug"” their understanding of the transformations. It supports previous work
which suggests that students need to be engaged in meaningful problem-solving activities in
order to construct new knowledge, and it constitutes a case study of designing such activities
around an interactive computer microworld.

References

Confrey , J. (1990). A review of the research on student conceptions in mathematics, science,
and programming. Review of Rescarch in Educatior, 16, 3-56.

diSessa, A. (1982). Unleaming Aristotelian physics: a study of knowledge-based learning.
Cognitive Science, §, 37-75.

diSessa, A. (1985). A principled design for an integrated computational environment.
Human-Computer Interaction, 1. 1-47.

diSessa, A. & Abelson, H. (1986). Boxer: areconstructible computational medium.
Cummnms;anons.gms.ACM. 22 (9), 859-868.

Dugdale, S. (1981). : i

ERIC 15

Aruitoxt provided by Eic:



Kliman, M. (1987). Children's lcarning about the balance scale. Instructional Science 15 (4),
307-340.

Lawler, R. (1985). C ; 3
computsr culture. Chxchester, England Ellis Horwood Limited.

Newman, D. (1985). Functional environments for mxcrocomputcrs in educanon The

51-57.

Thompson, P. (1987). Mathematical microwarlds and intelligent computer-assisted
instruction. In G. Kearsley (Ed.), Amificial Intelligence 2ad Instyction: Applications.
and Methods, Reading, MA:

Vergnaud, G. (1982). Cognitive and developmental psychology and research in mathematics
education. For the Leaming of Mathematics, 3 (2), 31-41.

White, B. (1981). Designing computer games fo facilitate leaming. AI-TR-619. Artificial
Intelligence Laboratory, Massachusetts Institute of Technology.

EKC 1&

Aruitoxt provided by Eic:



